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The purpose of this paper is to review [9]. The existence of ground states of the Pauli-
Fierz model with a variable mass is considered. This paper presents the outline of the proof of
it under the infrared regularity condition.
x 1. Introduction
The Pauli-Fierz model describes a minimal interaction between a low energy elec-
tron and a quantized radiation ¯eld, where the electron is governed by a SchrÄodinger
operator. The Pauli-Fierz Hamiltonian is the physical quantity corresponding to the
energy of the system and is realized as a self-adjoint operator on a certain Hilbert
space and its bottom of the spectrum is called the ground state energy. An eigenvector
associated with the ground state energy is called a ground state, if it exists.
The existence of ground states of the Pauli-Fierz Hamiltonian is investigated in
[1, 2, 4, 8, 10, 12]. In [2, 8], the infrared regularity condition is not assumed. In [4, 8],
the existence of ground states is shown for arbitrary values of coupling constants. The
uniqueness of the ground state of the Pauli-Fierz Hamiltonian is proven in [11].
The Pauli-Fierz Hamiltonian with a variable mass is considered in this paper. It
is derived from the analogy of the Nelson model on a pseudo Riemannian manifold
[5, 6, 7]. Under the infrared regularity condition, this Hamiltonian has ground states
for all values of a coupling constant when a variable mass decays su±ciently fast.
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x 2. De¯nition of the Pauli-Fierz model
x 2.1. Hilbert space of states
We consider the Hilbert space of states of total system as
H := HP ­F ;
where
HP := L2(R3)














2(R3;C2) denotes the n-fold symmetric tensor product of L2(R3;C2) withN0
s L
2(R3;C2) = C. The inner product on F is given by





ª(n)(k1; ¢ ¢ ¢ ; kn)©(n)(k1; ¢ ¢ ¢ ; kn)dk1 ¢ ¢ ¢ dkn:(2.1)










Here L2sym(R3+3n;C2) is the set of L2(R3+3n;C2)-functions such that
f(x; k1; ¢ ¢ ¢ ; kn) = f(x; k¾(1); ¢ ¢ ¢ ; k¾(n))
for an arbitrary permutation ¾.
Let T be a densely de¯ned closable operator on L2(R3;C2). Then ¡(T ) and d¡(T )
are de¯ned by
¡(T ) := ©1n=0 ­n T; d¡(T ) := ©1n=0 ­n T (n);(2.3)
where ­0T = 1, T (n) := Pnk=1 1­ ¢ ¢ ¢ 1­ kthT ­1 ¢ ¢ ¢ ­ 1 and T (0) = 0. The number
operator is de¯ned by
N := d¡(1):
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The annihilation operator a(f) and the creation operator ay(f) smeared by f 2























where Sn denotes the symmetrization operator of degree n and D(T ) the domain of T .
­ := (1; 0; 0; ¢ ¢ ¢ ) 2 F is called the Fock vacuum. Let
(a(k)ª)(n)(k1; ¢ ¢ ¢ ; kn) :=
p
n+ 1ª(n+1)(k; k1; ¢ ¢ ¢ ; kn)(2.7)
for ª 2 D(N1=2). Then for almost every k, a(k)ª 2 F .
x 2.2. De¯nition of the Pauli-Fierz model
Let v be a multiplication operator on L2(R3). We introduce assumptions on v.
Assumption 1.
(1) ¾P (¡¢+ v) ½ (0; 1);
(2) v(x) · const: hxi¡¯ with ¯ > 3, where hxi =p1 + jxj2.
Here ¾P (T ) denotes the set of eigenvalues of T .
Then there exists a unique function ª(k; x) such that for k 6= 0,
(¡¢x + v(x))ª(k; x) = jkj2ª(k; x)(2.8)
and ª(k; x) satis¯es the Lippman-Schwinger equation:




jx¡ yj ª(k; y)dy:(2.9)
We will use the regularity properties of ª(k; x) below to show the existence of ground
states.
Lemma 2.1. Suppose Assumption 1. Then
(a)
jª(k; x)¡ eikx j · const: hxi¡1(2.10)
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holds.






















(c) For k 6= 0 and k + h 6= 0,
1










· const:( 1 + jkj+ jxj+ jkj jxj )(2.13)
hold, and ª(k; x) and @@xºª(k; x) are di®erentiable in k 2 R3 n f0g for each ¯xed x.
Let us introduce the dispersion relation and the quantized radiation ¯eld with a
variable mass v.
De¯nition 2.2. The dispersion relation with a variable mass is given by
!^ :=
p¡¢+ v(2.14)
on L2(R3;C2), where v is called a variable mass. The free Hamiltonian is de¯ned by
the second quantization of !^:
Hf = d¡(!^):(2.15)
Let m ¸ 0 and !^m :=
p¡¢+ v +m2: We set
Hf(m) = d¡(!^m):
In order to de¯ne the quantized radiation ¯eld, we introduce a cuto® functions:
'^¹j , j = 1; 2, ¹ = 1; 2; 3.
Assumption 2.
(1) The support of '^¹j is compact;
(2) '^¹j is di®erentiable and the derivative function is bounded;
(3) (infrared regularity condition)
It holds that Z
R3
j'^¹j (k)j2p
jkj5p dk <1 for all 0 < p < 1:(2.16)
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x ) 2 L2(R3;C2) 2 L2(R3;C2) be such that
½¹;jx (y) := (2¼)
¡3=2
Z
ª(k; x)ª(k; y)'^¹j (k)dk:













; ¹ = 1; 2; 3;(2.17)
for each x 2 R3.
De¯nition 2.3. Let V be a multiplication operator, and V+ and V¡ the positive






































with the form domain
Q(qVm) = D(jpj) \D(H1=2f (m)) \D(jV j1=2):(2.19)
Here ® is a coupling constant. When m = 0, we denote qV for qV0 .
x 2.3. Generalized Fourier transformation
By [14], under Assumption 1, the generalized Fourier transformation is de¯ned by
f 7! Ff(¢) := (2¼)¡3=2l:i:m:
Z
f(x)ª(¢; x)dx;(2.20)
which is a unitary transformation on L2(R3). By 1­¡(F) : H ! H, the quadratic form
qVm is transformed as
q^Vm(ª; ©) = q
V





































with the form domain



















; !(k) = jkj;(2.23)
and
H^f(m) := d¡(!m); !m(k) :=
p
k2 +m2:(2.24)
We introduce following assumptions on V :
Assumption 3.
(1) V is a measurable function and for almost every x 2 R3, ¡1 < V (x) <1;
(2) For all ² > 0, there exists a positive constant C² such that for ª 2 D(jpj),
kV 1=2¡ ª k2 · ² k jpjª k2 + C²kª k2;(2.25)
(3) Q(q^Vm) is dense.
Proposition 2.4. Suppose Assumptions 1, 2 and 3. Then there exists the unique
self-adjoint operator H^Vm such that Q(q^
V
m) = D(jH^Vmj1=2) and for all ª and © 2 Q(q^Vm),
q^Vm(ª; ©)¡ EV (m)(ª ;©) =
³
(H^Vm ¡ EV (m))1=2ª; (H^Vm ¡ EV (m))1=2 ©
´
:
Here we denote the ground state energy of q^Vm by
EV (m) := inf
ª2Q(q^Vm);kªk=1
q^Vm(ª;ª):(2.26)


















Here fa¹;ºg¹;º=1;2;3 = fa¹;º(x)g¹;º=1;2;3 is positive de¯nite. We consider only the case
of a¹º(x) = ±¹;º for simplicity.
x 3. Binding condition
We introduce functions ÁR and ~ÁR below. Let Á 2 C1(R3) be such that for all
x 2 R3, 0 · Á(x) · 1 and
Á(x) =
(
1 if jxj < 1;
0 if jxj > 2:
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Let ~Á 2 C1(R3) be such that for all x 2 R3, 0 · ~Á(x) · 1 and
Á(x)2 + ~Á(x)2 = 1:
We set for R > 0,
ÁR(x) := Á(x=R); ~ÁR(x) := Á(x=R):(3.1)
Let
EV (R; m) = inf
k ~ÁRª k=1;ª2D(H^Vm)
( ~ÁRª; H^Vm ~ÁRª):(3.2)
limR!1 EV (R; m) ¡ EV (m) formally describes ionization energy by de¯nition, it is
expected that positive ionization energy yields ground state.
Assumption 4 (Binding condition).
EV (m) < lim
R!1
EV (R; m):(3.3)
x 4. Massive case
The existence of ground states in the case of m > 0 is considered in this section.
Theorem 4.1. Let m > 0. Suppose Assumptions 1-4. Then ground states of
H^Vm exist for all values of a coupling constant.
Outline of Proof. Let fªjgj ½ Q(q^Vm) be a sequence such that weakly converges




j ; ªj) > EV (m):(4.1)
We can suppose that supj q^Vm(ª
j ;ªj) <1. Let ÁR and ~ÁR be in (3.1).
q^Vm(ª












k (jrÁRj ­ 1)ªj k2 ¡ 12k (jr
~ÁRj ­ 1)ªj k2:(4.2)
holds. Here ªjR = ÁRª
j and ~ªjR = ~ÁRª
j . Let j1 and j2 be nonnegative, smooth
functions on R3 such that
j1(k) =
(
1 if jkj < 1;
0 if jkj > 2 and j1(k)
2 + j2(k)2 = 1:(4.3)
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We set j^l;P = jl(¡irk=P ), l = 1; 2; and
j^Pª = j^1;Pª© j^2;Pª;(4.4)
for ª 2 L2(R3;C2). Let us de¯ne the isometric operator from F to F ­ F by
d·¡(j^P )ay(h1) ¢ ¢ ¢ ay(hn)­
= ay(j^1;Ph1) ¢ ¢ ¢ ay(j^1;Phn)­© ay(j^2;Ph1) ¢ ¢ ¢ ay(j^2;Phn)­:(4.5)







R) ¸ (EV (m) +m) lim infj!1 kª
j





~ªjR ) ¸ EVR;m k ~ªjR k2 + o(R0):(4.7)





j ;ªj) ¸ EV (m) + minfm; EV (R;m)¡ EV (m) g:(4.8)
By the binding condition, we obtain (4.1).
x 5. The case of m = 0
Throughout in this section, we suppose Assumptions 1, 2, 3 and Assumption 4 with
m = 0. ©m denotes the normalized ground state of H^Vm. Similarly to the case of v = 0,
the following lemma holds.
Lemma 5.1. Let fmjg1j=1 be a sequence converging to 0. Then
lim
j!1
EV (mj) = EV (0)
and for su±ciently small 0 < m, the binding condition holds.
The pull through formula below leads to a photon number bound (Lemma 5.3 and
Corollary 5.4) and a photon derivative bound (Lemma 5.6).
Lemma 5.2 (Pull through formula). Let f 2 D(!m). Then a(f)©m 2 Q(q^Vm)
and for all ´ 2 Q(q^Vm),
q^Vm( ´; a(f)©m )¡ EV (m)( ´; a(f)©m )(5.1)




( ´; (f; rx ¢G )©m )¡ ( ´; a(!mf)©m ):
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holds. Here




Lemma 5.3. Let µ = (µ1; µ2) 2 L1(R3;R2). Then








where C is a constant independent of ® and su±ciently small m.
Outline of proof of Lemma 5.3. Inserting ´ = a(f)©m into (5.2), we have















a(f)©m; (f; rx ¢G )©m
¢
:
Let f := !mµgi. Here fgig1i=1 is a complete orthonormal system such that each gi 2














µj(k)2k aj(k)©m k2 dk =
°°° d¡( µ2 )1=2 ©m °°°2 :
Then by (5.3) and (5.4),












!m(k)¡2 k µ(k)rx ¢G(k)©m k2 dk:
can be estimated. Since ª(k; x) and '^(k) @@x¹ª(k; x) are bounded in k and x, we can
see that the lemma follows.
From Lemma 5.3, we can see that following facts hold.




(2) supp ©(n)m (x; ¢) ½ ¦nk=1
£[j;¹supp '^¹j ¤ :




(1) For su±ciently large jxj, V (x) > const:jxj2n.
(2) lim inf jxj!1 V (x) > inf ¾(Hp) and for all t > 0, e¡tHP : L2 ! L1 with
ke¡tHpfkL1(R3) · const:kfkL2(R3);
where HP = ¡ 12¢+ V .
Theorem 5.5. Suppose Assumption 5. Then for some c and m0 > 0,
sup
0<m<m0
k exp(cjxj)©m k <1:(5.6)
holds.
Outline of Proof. Since ©m = etEe¡tH^
V
m©m, by the functional integral represen-
tation of e¡tH^
V
m , we can see that for all t ¸ 0,







holds. Here (Bt)t¸0 denotes Brownian motion starting from x. C is a constant inde-

















· C 01 exp(¡C 02jxj)(5.9)
hold. Here t(x) = jxj1¡n, t0(x) = ¯jxj. (5.8) and (5.9) are called Carmona's estimate
[3]. By (5.7), (5.8) and (5.9), the theorem can be proven.
Lemma 5.6. Suppose Assumption 5. Let 1 · p < 2: Then
(a) ©(n)m 2 H1(R3+3n) for all n ¸ 0;
(b) fk©(n)m kW 1;p(­)g0<m·m0 is bounded, where m0 is su±ciently small number and ­ is
any measurable and bounded set in R3+3n.
Here W 1;p(­) is the Sobolev space.
Outline of proof. Let f = !¡1=2m µgi. By the pull through formula with f(x)
replaced by f(x + h) ¡ f(x), similarly to the proof of Lemma 5.3, we can see that for
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almost every k and su±ciently small h,





( k jhj¡1(±hG¹)(k)©m k2 + k j jhj¡1(rx±hG¹)(k) j©m k2 )
+k jhj¡1 (rx ¢ ±hG)(k) ©m k2 +
X
j;¹
'^¹j (k + h)
2
!m(k + h)2 !(k + h)




Here (±hG¹)(k) = G¹(k + h; x)¡G¹(k; x). By Lemma 2.1 (c) and Assumption 5,





(1 + jkj¡3)'^ºj (k)2 + jkj¡1
X
¸
j @¸'^ºj (k) j2
!
holds for almost every k and su±ciently small jhj. Let e1 = (1; 0; 0), e2 = (0; 1; 0),
e3 = (0; 0; 1). Thus by Alaoglu theorem, for almost every k, there exists the sequence




and jhl(k)j¡1(a(k ¡ jhl(k)je¹)¡ a(k))©m weakly converges to some vector v¹(k):
v¹(k) := w- lim
l!1
jhl(k)j¡1(a(k ¡ jhl(k)je¹)¡ a(k))©m:
It can be proven that v(n)¹ (k)(x; k1; ¢ ¢ ¢ ; kn) is the weak derivative ©(n+1)m (x; k; k1; ¢ ¢ ¢ ; kn)
with respect to k¹. Thus by (5.11), (a) and (b) are proven directly.
Theorem 5.7. Let m = 0. Suppose Assumption 5. Then ground states of H^V
exist for all values of a coupling constant.
By Lemmas 5.3, 5.6 and Theorem 5.5, Theorem 5.7 can be proven similarly to [8,
Theorem2.1].
x 6. Remarks on infrared cuto®s
We assumed the infrared regularity condition, but in the case of v = 0, we can
show the existence of ground states of H^ without the infrared regularity condition. In
the case of v 6= 0,



























hold. Here y0 := x. The right hand side of (6.1) is not O(jkj), (k ! 0). This is the
reason that we assumed the infrared regularity condition. To see this, let us consider
the case of v = 0. Set v = 0 and '^¹j (k) = Â¤(k)e
¹
j (k); j = 1; 2; ¹ = 1; 2; 3, where Â¤ is
the characteristic function of the set fkj jkj < ¤g and e1(k) and e2(k), k 2 R3 n f0g are









Note that the infrared regularity condition is not assumed in this case. De¯ne the










A(x) := A^(x)¡ A^(0):(6.5)
Then
~^qVm(ª; a(f)~©m)¡ EV (m)(ª; a(f)~©m)(6.6)
= ¡p®(ª; (f; ~G)(p+p® ~A)~©m)¡ (ª; a(!mf)~©m) + i(ª; (f; !mw)~©m)










the proof of Theorem 5.3, we have
k a(k)~©m k2 · const.!(k)¡2
n
k ~G~©mk2 + k jrx ~Gj~©mk2 + !(k)2kw~©mk2
o
Â¤(k):(6.7)
Since jeikx ¡ 1j · jkjjxj and jrxeikxj = jkj, by the exponential decay of ~©m, it holds
that
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Here C is a constant independent of ® and m for su±ciently small m. Also by (6.6),
for almost every k and su±ciently small h,




k j±h ~Gj~©m k2 + k jrx±h ~Gj~©mk2 + !(k)2k±h(!w)~©mk2
+
1
jk + hj k jxj
~©m k2j!(k + h)¡ !(k)jÂ¤(k + h)
o
can be proven. Since jeikx ¡ 1j · jkjjxj and jrxeikxj = jkj, by Assumption 5, we can
see that







jk ¡ hj((k1 ¡ h1)2 + (k2 ¡ h2)2
¾
holds. This inequality implies that fk ~©(n)m kW 1;p(­)g0<m·m0 with 1 · p < 2 is bounded,
where ­ is a bounded set and m0 a su±ciently small number. Therefore in this case,
the existence of ground states can be proven without the infrared regularity condition.
Key inequalities are
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